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Abstract The dynamic behavior of cohesive granular flows is important in geo-mechanics
and industrial applications, yet poorly understood. We studied the effects of liquid viscosity and particle size on the dynamics of wet granular avalanches, occurring in a slowly
rotating drum. A Discrete Element Method (DEM) model, in which contact forces and
cohesive forces were considered, was employed to simulate this flow behavior. We found
that the avalanche amplitude, flow layer velocity and granular temperature decrease as
viscosity increases, but increase with particle size. Increasing the viscous forces causes the
flow to behave as a bulk, pushing the free surface towards a convex shape, and avalanches
become less pronounced. We found that this transition from avalanching flow to continuous flow can be characterized by evaluating the local fluctuations of the surface angle.

1

INTRODUCTION

Granular flows have been extensively studied by physicists over the past years [1]. Understanding the dynamics of flowing granular matter is important in both industrial applications and the management of geo-physical problems, such as landslides and avalanches.
A granular avalanche occurs when the slope of a pile of grains exceeds its maximum angle of stability θm , whereafter the surface angle decreases until the angle of repose θr
is reached. Rotary drums filled with particles are practical geometries which have been
adopted extensively to mimic granular avalanches and to study their flow properties [3–10].
At a low rotational speed, avalanches occur periodically, while at high rotational speeds
a continuous flow is observed.
Avalanche dynamics can be characterized by the evolution of the slope angle and particle velocity. The avalanche amplitude ∆θ = θm − θr is found to be of well defined, finite
value [2], and is observed to increase with particle size [4]. The velocity profile during an
avalanche shows an exponentially decreasing trend in pile depth direction (perpendicular
to the pile surface) and no steady state is observed during the avalanche [5]. The variance
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of the particle velocity δv 2 = hv 2 i − hvi2 remains equal to zero when the particles are
at rest with respect to the drum [6]. As an avalanche occurs, δv 2 peaks shortly before
gradually decreasing.
By wetting the particles, capillary bridges are formed between them, which induce
cohesive forces and alter pile stability and the flow properties of avalanches [7, 11]. Wet
granular avalanches have not been researched as much as dry avalanches and show qualitatively new behaviour [8]. Several regimes have been identified, characterizing flow
behavior, based on liquid volume [7], and liquid density and viscosity [8]. However, the
dynamics of wet granular avalanches remain poorly understood and relations between
several microscopic and macroscopic parameters are lacking.
The work presented here focuses on understanding the effects of the viscosity of the
interstitial liquid and the particle size on wet granular avalanches. We used a Discrete
Element Method (DEM) model to simulate avalanches and we examined the evolution of
the slope angle, particle velocity and velocity fluctuations (granular temperature). The
obtained results have important implications for geo-mechanics and landslide control.
2

NUMERICAL MODELING

The software package LIGGGHTS [12] was used to simulate wetted particles in a rotary
drum, using the Discrete Element Method. Particle trajectories are calculated by solving
Newton’s equations of motion, in which we considered contact forces and cohesive forces.
The movement of an arbitrary particle i, which is in contact with a set of j = 1, ..., k
adjacent particles, is described by [13]:
k
X

(Fcij + Flij ) + mi g,

(1)

(hij × (Fcij + Flij ) + qij ),

(2)

mi ẍi =

j=1

Ii θ̈ i =

k
X
j=1

with mass mi , position xi , contact force Fcij , cohesive force Flij , gravity g, mass moment of
inertia Ii , angular position θ i , distance-to-contact point vector hij and additional torque
qij (due to rolling). Note that variables printed in bold represent vectors.
2.1

Contact model

A linear spring-dashpot model [12,14,15] was used to compute the total frictional force
between two colliding particles i and j. Fcij is nonzero only if there is a positive
absolute normal overlap δn between the particles, which is defined as:
Fcij

δn = (ri + rj ) − (xi − xj ) · nij ,
where r is the particle radius. When δn > 0, Fcij is computed as:

(3)
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Fcij = (kn δ n + γn δ̇ n ) + (kt δ t + γt δ̇ t ),

(4)

with elastic constant k, overlap δ and visco-elastic damping constant γ. The subscripts n
and t denote normal and tangential directions respectively. Furthermore, δ t is truncated
to fulfill:
(kt δ t + γt δ̇ t ) ≤ µF (kn δ n + γn δ̇ n ) ,

(5)

with coefficient of friction (CoF) µF , to ensure the satisfaction of Coulomb0 s law of attrition. The Hertz-Mindlin model [12, 16], based on Hertz theory in normal direction and
the Mindlin no-slip improved model in tangential direction, was employed to calculate the
elastic and damping constants. kn is calculated using:
4 1 − νi2 1 − νj2 −1 p ∗
R δn ,
+
)
kn = (
3 Ei
Ej

(6)

with modulus of elasticity E, Poisson0 s ratio ν and effective radius R∗ . γn is computed
as:
s
√
1 −1
2 15
ln(e)
1
q
+
) kn ,
(7)
γn = −
(
3
3
ρ1 πri
ρ2 πrj3
ln2 (e) + π 2
with coefficient of restitution (CoR) e and particle density ρ. As for the tangential components, kt is defined as:
2 − νi 2 − νj −1 p ∗
+
)
R δn ,
(8)
kt = 8(
Gi
Gj
with shear modulus G and γt is defined as:
s
√
2 10
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+
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3
3
3
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ρ
2
1 πri
2 πrj
2
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(9)

A constant directional torque model [12, 17] was implemented to account for rolling resistance, by contribution of additional torque vector qij , given by:
qij = µRF kn δn R∗

(θ̇ i − θ̇ j )

,

(10)

(θ̇ i − θ̇ j )
with coefficient of rolling friction (CoRF) µRF . In the case of particle-wall contact, equations (6-10) are taken in the limit of particle j going to infinite radius.
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2.2

Liquid cohesion model

A composition of models, as suggested by Easo et al. [12, 18], was used to define the
cohesive force between particles i and j. It is assumed that a surface liquid film exists
on each particle, allowing for a liquid bridge to form upon contact with another particle.
For the purpose of the cohesion model, particles are considered to be in contact only if
δn satisfies:
−0.1(ri + rj ) ≤ δn ≤ −0.01(ri + rj ).

(11)

The bridge ruptures when |xi − xj | exceeds the rupture distance d0 , which is given by [19]:
1 (αi + αj ) 1/3
)Vbond ,
d0 = ( +
2
4

(12)

with contact angle α and liquid bond volume Vbond . It is assumed that Vbond is 5% of
the combined liquid film volume, and that distributes evenly over the two particles after
bridge rupture. The total cohesive force Flij between the particles is defined as:
Flij = Fcap + Fvis ,

(13)

with capillary force Fcap and viscous force Fvis . The capillary force acts in normal direction
and is defined by Soulie et al. [20] as:
−δn
√
Fcap = πσ ri rj (c + exp(a
+ b))n,
rmax

(14)

with liquid surface tension σ and rmax being the larger of ri and rj . Variables a, b and c
are given by:
a = −1.1(
b = (−0.037ln(

Vbond −0.53
)
,
3
rmax

Vbond
Vbond
2
)
−
0.24)(α
+
α
)
−
0.0082ln(
) + 0.48,
i
j
3
3
rmax
rmax
Vbond
c = 0.0018ln( 3 ) + 0.078.
rmax

(15)
(16)
(17)

The viscous force consists of a normal and tangential component and is described by Nase
et al. [21] as:
Fvis = 6πµR∗ (

R∗
8
R∗
δ̇ n + ( ln(
) + 0.9588)δ̇ t ),
−δn
15 −δn

(18)

with liquid viscosity µ. In the case of particle-wall contact, Fcap and Fvis are equal to
zero.
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2.3

Simulation parameters

The particles and drum were given the properties that are summarised in Tables 1
and 2, which respectively mimic glass [22] and wood [23] material properties. In all
simulations, the drum was filled for 35% with a mono-disperse set of particles and rotated
at a constant rotational speed Ω of 0.5 rpm. The particles had a radius r of either 1.25mm,
2mm or 3mm.
Table 1: Particle parameters.

Parameter
Radius, r [mm]
Density, ρ [kg/m3 ]
Young0 s mod., E [MPa]
Poisson0 s ratio, ν [-]
CoR, epp [-]
CoF, µpp
F [-]
CoRF, µpp
RF [-]

Value
1.25, 2.0, 3.0
2500
63
0.21
0.95
0.10 (wet)
0.40 (dry)
0.01

Table 2: Drum parameters.

Parameter
Value
Radius, R [m]
0.0605
Width, w [m]
0.022
0
Young s mod., E [MPa] 12
Poisson0 s ratio, ν [-]
0.35
wp
CoR, e [-]
0.72
wp
CoF, µF [-]
0.15 (wet)
0.30 (dry)
wp
CoRF, µRF [-]
0.01

Dry simulations were performed, as well as simulations in which 4 cm3 of interstitial
liquid was included. The simulated liquids were modeled to mimic water-glycerol mixtures
[24], with glycerol concentration φ varying from 0% to 100%. The surface tension σ
and contact angle α of water (σ = 72 mN/m, α = 35◦ ) and glycerol (σ = 62 mN/m,
α = 38◦ ) are nearly the same, while their viscosity strongly varies. This makes waterglycerol mixtures exceptionally suitable for studying the influence of liquid viscosity on
the avalanche dynamics. We used seven distinct mixtures in total, with properties as
given in Table 3. Dry simulations are assigned case number n = 0.
Table 3: Liquid mixture parameters.

Parameter
Value
Case number, n
1
Concentration glycerol, φ [%] 0
Viscosity, µ [mPa·s]
1.01

2
3
85 91
109 219

4
5
6
7
93 95 98 100
367 523 939 1410

In each simulation, the particle positions and velocities were tracked for 50 seconds,
allowing the examination of the surface angle and velocity profiles. The software package
ParaView [25] and several filters in python were used to evaluate the surface angle θ, the
avalanche amplitude ∆θ = θm − θr and the translational granular temperature Tg . In
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the evaluation of ∆θ, a threshold was used to filter out some of the smaller fluctuations
caused by noise. Tg was defined as:

1
2
2
2
Tg =
< Ux > + < Uy > + < Uz > ,
(19)
3
with fluctuation velocity Ui , given by:
Ui = ui − < ui >, i = x, y, z,
(20)
which was evaluated locally to always include circa 7 surrounding particles. The velocity
profiles were obtained using a Gaussian Kernel point volume interpolation scheme.
3

RESULTS AND DISCUSSION

Figure 1(a) shows a typical evolution of the surface angle during several successive
dry avalanches. Maximum stability and repose angles θm and θr , show as respectively
the local maxima and minima in the ”sawtooth”-like curve. The avalanches are very
pronounced; particles are periodically at rest with respect to the drum and flowing down
in a surface layer [Figure 2(a)]. This is further illustrated by the evolution of the granular
temperature Tg , shown in Figure 1(b). The peaks observed during the avalanches indicate
large relative movements between particles, while in between avalanches, Tg drops to near
zero. Qualitatively similar behavior is observed for wet granular avalanches with an
interstitial liquid of low viscosity (µ = 1.01 mPa·s, n = 1), shown in Figures 1(c)-(d) by
the continuous blue line. However, for a high viscosity case (µ = 1410 mPa·s, n = 7),
the evolution of the surface angle does not show a periodically steady trend. Smaller
fluctuations occur more frequently, while distinct avalanches do not occur at all, implying
a more continuous flow. The development of Tg seems to support this theory, as the peaks,
for decreasing θ, are significantly smaller. Furthermore, when θ is increasing, Tg does not
drop to zero, indicating that particles are never all at rest with respect to the drum.

Figure 1: Time evolution of granular avalanches with particles of r = 2mm. (a) θ and (b) Tg for the
dry case n = 0. (c) θ and (d) Tg for the low viscosity wet case n = 1 and high viscosity wet case n = 7.
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An interesting feature of the avalanches shown in Figures 1(a) and 1(b) is the rather
large variation in amplitude ∆θ of successive avalanches. A slower rotational speed of the
drum Ω is likely to reduce these variations and provide an even more periodic trend [3,4].
Figures 2(a)-(d) show typical velocity profiles for avalanches with low to high fluid
viscosity. In all cases, a high velocity flow layer near the surface is observed, while below
this layer particles are at rest with respect to the drum and move only due to its rotational
speed. The dry case n = 0 yields a larger flow layer velocity v than the wet cases, for
which v decreases as viscosity increases. This result has also been observed by Brewster
et al. [28], who found that cohesive forces limit the development of the velocity in the
flow layer. Figure 2(e) shows the particle velocity along the diagonal d, normal to the
free flowing surface (pile height direction, starting from the border of the drum). In all
cases, the velocity of the flow layer increases linearly initially, before leveling out slightly.
The steepness of the velocity curve, decreases with the viscosity, and is the highest for
the dry case. However, the thickness of the flow layer appears to be independent of fluid
viscosity.

Figure 2: Velocity profiles during granular avalanches with particles of r = 2mm. (a) the dry case n = 0.
(b), (c) and (d) the wet cases n = 1, 3, 7 respectively, with viscosities of µ = 1.01mPa·s, µ = 219mPa·s
and µ = 1410mPa·s. (e) particle velocity as a function of pile height d for n = 0, 1, 3, 7.

Simulations with particles of r = 1.25mm and r = 3mm show qualitatively similar
behavior to those with r = 2mm shown in Figures 1 and 2. The flow layer velocity
was observed to increase in magnitude with particle size, yet the overall trends remained
alike. Figures 3(a)-(b) show the time averaged avalanche amplitude < ∆θ > and granular
temperature < Tg > respectively, as function of liquid viscosity, for several particle sizes.
Note that as µ increases, < ∆θ > becomes less a measure of avalanche amplitude, and
more a measure of surface angle fluctuation in time, as the flow transitions away from the
avalanching regime. For all particle sizes, < ∆θ > and < Tg > are observed to decrease
exponentially with increasing viscosity and saturate at high values of µ, agreeing with
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statements by Courrech du Pont et al. [7]. For the dry case, the granular temperature
< Tg > is of an order of magnitude greater than for the viscous cases. It appears that the
liquid induced cohesive bonds between particles tend to reduce relative particle motion,
causing particles to clump together, which reduces the number of inter-particles collisions.
This effect gets magnified as liquid viscosity increases and the cohesive bonds become
stronger.

Figure 3: Time averaged flow properties as function of liquid viscosity, for several particle sizes. (a)
< ∆θ > and (b) < Tg >. Symbols colored in magenta represent simulations with dry conditions.

The avalanche amplitude is shown to increase with r in Figure 3(a). This trend is
consistent with experimental research on dry [4] and wet [7] granular avalanches, in which
larger avalanches are observed as the particle over drum radius ratio Rr increases. The
granular temperature is shown to increase with particle size as well. As Rr increases,
< Tg > is evaluated over a larger local volume and thus larger relative movements are
indeed expected. Interestingly, the curves for r = 1.25mm and r = 2mm are quite smooth,
while for r = 3mm some outliers appear. This is likely due to interlocking of particles,
caused by the low drum over particle size ratio ( Rr ≈ 20).
Figure 4(a) shows the time averaged surface angle < θ >, with standard deviations, as
function of µ, for several particle radii. For the dry case, < θ > increases with particle
size, in agreement with observations by various authors [3, 4]. For the wet cases, < θ >
shows a vague but decreasing trend for increasing r, which agrees with observations made
by Nowak et al. [27]. Again, some outlying points appear for simulations with particles of
r = 3mm, possibly the result of interlocking. The average angle does not seem to depend
on µ in any significant manner.
The evolution of the avalanche amplitude ∆θ and granular temperature Tg , presented
in Figures 1 and 3, indicate that the granular flow transitions from an avalanching flow
towards a continuous flow as viscosity increases. For granular flows in the avalanching
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regime, the surface angle is in general observed to be constant along the surface [2, 3].
For continuous flows, the surface is observed to be ”S-shaped” if cohesion is low and
Ω > 5rpm [26], or even slightly convex if cohesive forces are large [28]. It appears that
local fluctuations in the surface angle (i.e. the deviation between the local surface angle
and the average angle of the whole surface) indicate a measure of ”continuousness” in
the granular flow. We approximate which particles make up the surface layer by dividing
the drum into N bins and considering the top particle in each bin. Polyfitting a linear
function through the coordinates of all surface particles yields a flat averaged surface.
The local fluctuations in surface angle are evaluated by measuring the average absolute
deviation ∆h, of the distance between the surface particles and the polyfitted surface. ∆h
is thus defined as:
N q
1 X
(21)
(xi − xfi it )2 + (yi − yif it )2 ,
∆h =
N i=1
in which (xi , yi ) denote particle coordinates and (xfi it , yif it ) denote points on the polyfitted
surface. Figure 4(b) shows that indeed < ∆h > increases with liquid viscosity, while
< ∆θ > decreases. We can infer that the value of µ at which the transition from an
avalanching to a continuous flow happens, is around the intersection point between the
averaged avalanche amplitude and the local angle fluctuation.

Figure 4: (a) < θ > as function of liquid viscosity, for several particle sizes. Symbols colored in magenta
represent simulations with dry conditions. (b) < ∆θ > and < ∆h >, for simulations with particles of
r = 2mm only.

4

CONCLUSION

Using Discrete Element Method simulations, we have investigated how the dynamics
of wet granular avalanches in a rotary drum are affected by the viscosity of the interstitial
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liquid and the particle size. Discrete avalanches were observed for the dry case and the
wet cases with relatively low viscosity. As viscosity increases, the flow transitions from the
avalanching regime to the rolling regime, which is characterized by a more continuous flow.
This transition is indicated by a decrease in avalanche amplitude, flow layer velocity and
granular temperature, and an increase in local fluctuations of the surface angle. Increasing
the viscous forces causes the flow to behave as a bulk, pushing the free surface towards a
convex shape.
As the particle size increases, the avalanche amplitude, flow layer velocity and granular
temperature increase as well, indicating an increase in relative importance of inertial
effects with respect to frictional forces and viscous forces.
The results suggest that the effects of liquid viscosity and particle size should be considered when studying granular avalanches, whether for large scale investigation, pilot
scale experiments or for further numerical simulations.
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